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Mda dau

Dinh 1y bén binh phuong ctia Lagrange (hay Dinh 1y Lagrange) noéi rang
moi s6 nguyén duong luén cé thé biéu dién duge dudi dang tong ctia binh
phuong clia bén s6 nguyén (tong bém s6 chinh phuong). Vi du 23 = 12 +
22 4+ 32 4 32. Dinh ly b6n binh phuong lan dau tién dugc nha toan hoc Hy
Lap Diophantus dé cap trong bo sach Arithmetica ctia ong. Bo sach nay dudgc
Bachet (Claude Gaspard Bachet de Méziriac) dich ra tiéng La tinh vao nam
1621 va Bachet da phat bieéu dinh 1y trong so ghi ctia minh. Tuy nhién da
khong c6 chitng minh nao duge dua ra cho dén nam 1770 khi nha toan hoc
ngudi Y Joseph-Louis Lagrange (1736-1813) dua ra ching minh dau tién ctia
dinh 1.

Nam 1797 nha toan hoc ngusi Phap Adrien-Marie Legendre (1752-1833)
da tién them mot budc nita bang cach dua ra dinh 1y ba binh phuong. Dinh
Iy nay phat biéu ring mot sd6 nguyéen duong c6 thé duge biéu dién dusi dang
téng ctia ba binh phuong khi va chi khi né khong c6 dang 4%(81+7) véi k, 1 1a
cac s6 nguyen. Sau d6, vao nam 1834, Carl Gustav Jakob Jacobi (1804-1851,
nha todn hoc ngusi Diic) da tim ra mot cong thitc don gian cho s6 bicu dién
ctia mot s6 nguyen thanh téng ctia bén binh phuong.

Dinh 1y bén binh phuong ctia Lagrange c6 thé duge cai tién theo nhicu
cach khac nhau. Gan day, Zi-Wei Sun [SUN17] da chiing minh ring mdi s6 tu
nhién c6 thé duge viét dudi dang tong clia sau lity thita (hosic bon lity thia)
va ba binh phuong. Hodc gia thuyét 1-3-5 ctia Z.W. Sun néi rang so6 tu nhién
bat ky luon c6 thé duge viét dudi dang a® + b? 4 ¢ + d? véi a, b, ¢, d 1a céc s6
nguyén khong am sao cho a + 3b+ 5¢ 1a mot binh phuong. Ngoai ra ¢ cac cai
tién ctia Zhi Wei Sun - Yu Chen Sun [SS18], Leo Goldmakher - Paul Pollack
[GP18] bang cach thém thong tin vé cac s6 a, b, ¢, d. Mot cach tiép can khac
cia Paul Pollack - Enrique Trevino [PT17] 1a dua ra céc thuat toan hitu hiéu
dé tim cac sé nguyeén a, b, ¢, d khi biét s6 n.

Muc dich ctia luan van la dya theo mot s6 tai lieu tim hiéu vé Dinh Iy
boén binh phuong Lagrange va mot s6 cai tién dinh 1y nay do Z.W. Sun, Y.C.
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Sun-Z.W. Sun, L. Goldmakher-P. Pollack dua ra.

Luan van dugc chia thanh 3 chuong.

Chuong 1 duge danh dé trinh bay vé biéu dién ctia mot s6 tu nhién nhu
tong ctia bén binh phuong, trong d6 két qua chinh 1a Dinh 1y Bén binh phuong
ctia Lagrange. Mot s6 mé rong co dién ctia Dinh 15 ctia Lagrange nhu Dinh 1y
Ba binh phuong ctia Legendre - Gauss, Bai toan Waring va mot vai bai tap
ting dung trong toan pho thong dude dé cap trong phan sau ciia Chuong 1.

Chuong 2 tap trung trinh bay mot s cai tién Dinh 1y bén binh phuong
cua Zhi-Wei Sun va Zhi Wei Sun - Yu Chen Sun.

Trong Chuong 3 ching to6i sé trinh bay mot s6 cai tién Dinh 1y Bén binh
phuong ctia Goldmakher va Pollack va mot s6 hé qua. Phan cudi ctia chuong
chiing toi dé cap dén thuat toan dé phan tich mot sé thanh tong ctia bon binh
phuong.

Luan van nay dugce thyc hién tai Truong Dai hoc Khoa hoc — Dai hoc Thai
Nguyén va hoan thanh duéi sy huéng dan cia TS. Doan Trung Cuong. Tac
gid xin bay t6 long biét on sau sac nhat t6i thay, ngusi da tan tinh huéng dan
tac gia trong qua trinh nghién citu va viét ban luan van nay.

Tac gid xin chan thanh cdm on toan thé cac thay co trong Khoa Toan-Tin,
truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén, ciing toan thé cac thay co
trong truong da tan tinh huéng dan, truyen dat kién thic trong sudt thoi gian
theo hoc, thuc hién va hoan thanh luan van.

Tac gid xin bay t6 long cam on téi tap thé 16p Cao hoc Toan K11D (khoa
2017-2019), ban be, dong nghigp va gia dinh da tao dicu kién, dong vién, giap
dé tac gia trong qua trinh hoc tap, nghién citu.

Thai Nguyén, ngay 12 thang 5 nam 2019
Tac gia luan van

Nguyén Thi Nguyét Thu



Chuong 1. Dinh 1y bén
binh phuong cua

Lagrange

Muc dich ctia chuong nay I trinh bay vé biéu dién mot sé tu nhién thanh
tong cac binh phuong, trong dé trung tam la Dinh 1§ bén binh phuong cia
Lagrange. Chiing toi cling dé cap (phét bicu, khong chiing minh) Dinh 1y ba
binh phuong ctia Legendre-Gauss va mot vai bai tap toan pho thong co lien
quan. Cac két qua chinh ciia chuong duge tham khao ti tai ligu [Lal02].

1.1 Biéu dién tong binh phuong va Dinh ly bén binh
phuong cua Lagrange
Trong s6 hoc van dé bieu dién mot s6 tu nhién thanh tong binh phuong

clia cac sO nguyen 1a mot van dé co dién va danh dude sut quan tam ctia nhiéu
ngudi. Ta bat dau véi mot sé biéu dién cu thé

3=12+1%+1%

T=24+124+12+1%
25 = 5% = 3% + 4%,
2017 = 18% + 217 + 247 + 262,

Tong quét, ta c¢6 dinh 1y rat dep sau day ciia Lagrange.
Dinh 1y 1.1.1 (Dinh ly Lagrange). Moi s6 nguyén khong am cé thé duogc viét

dudi dang tong ctia bon binh phuong cdc sé nguyén, nghia la vdi moi n € N,
ta co

n=a*+b*+c +d- (1.1)



vdi a,b,c,d € 7.

Chitng minh. Trude hét nhan xét 14 chi can chiing minh dinh 1y cho truong
hop n 14 s6 nguyén t6. That vay, ta c6 dong nhat thitc Euler

(2] + z3+a5 + 27) (v + v + v + ¥3)
=(2191 + T2y + T3y3 + Tays)” + (T1Y2 — Toy1 + T3ys — T4Y3)?
+ (21y3 — T3y1 + Toys — Tay2)” + (T1ys — Tays + Toys — T3Ya)”.

Do d6, néu ta ching minh duge khéng dinh ding trong trudng hop cac sb
nguyen t6 thi ta c6 bieu dién

mi:a?+b?+cf+d§,

v6i cac s6 nguyen a;, b, c;,d;, i = 1,...,r. St dung dong nhat thic Euler, ta
suy Ta

mimg = (a] + b + ¢} +di)(a3 + b5+ c3 + ds) = 25 + y3 + 25 + ws.

mumamg = (3 + 45 + 25 +wy) (a3 + b5 + ¢ + d3) = i+ s + 2+ wy.
Tuong tuy
n=(my...m_1)m, =2 +y>+ 22 +w

Vi vay ta chi can chiing minh khang dinh cho truong hgp n 1a s6 nguyeén to.
Truong hop n = 2 ta luon ¢6 2 = 12 + 12 4+ 02 + 02.
Gia st n 13 mot s6 nguyen t6 18. Trude hét ta chitng minh c6 cac s6 z,y
va k théa man 1+ 22 + 3% = nk (0 <k <mn). Choxy=0,2; = 1,29 =

2, . T = 2=l Khi d6 céc s6 27 doi mot khong dong du véi nhau theo
) o n—1_
modulo n. That vay, néu z? = :1:? (mod n) (1,7 =0, ..., 5 # j) thi

n | (z; — ;) (z; + x;)

Néu n | (z; — z;) thi vi —"Tfl <zi—x; < ”T’l nén z; — x; = 0, hay z; = z;
(mau thuan). Mat khac, néun | (z;+x;) thi z;+2; =0vi0 < z;+x; <n—1,
dan dén x; = —x; = 0 cling la vo ly.

—1 )
n . Khi dé cac s6 —1 — y?
2

doi mot khong dong du véi nhau theo modulo n. Ta thu duge mot tap hop
n+1

Dat Yo = 07y1 — 17y2 = 277y"771 -

X ={a} 23, ... 2%} gom 16p dong du khac nhau theo modulo n va
2



. n+1 N
mot tap hop Y = {—1—¢3, -1 —¢%,...,—1—y2,} gom 16p dong du
2

khac nhau theo modulo n. Vi ¢6 nhiéu nhat n 16p dong du theo modulo n nén
X va Y phai giao nhau, nghia 1& ¢6 cac chi s6 4, j sao cho

i =—1-— yj2 (mod n).

2
Tit d6 suy ra 2? + yf + 1 = nk v6i k € N nao d6. Do cach chon 2? < (g)
n

2
va yf < <§> nén
2

n\ 2 n\ 2 n
E=14a22+42 <1 <—) (—) — 14+ 2
n Tty < l+ 5 + 5 +2 n

dan dén nk < n® hay k < n. Tt 1 + 22 + y?> = nk ta suy ra
nk = 2%+ y* + 22 + w*. (1.2)

Quay lai chitng minh n c¢6 biéu dién n = a4+ %>+ +d? véi a,b,c,d € N.
Goi mg > 0 1 s6 nhé nhat dé mon c6 bieu dién

mon = tong bén binh phuong.

Ta c6 nhan xét 1a mg ludn ton tai va mg < k vi luon c6 nk =14+ 22 + 9% =
02 + 12 + 22 + 2 theo (1.2). Bai todn quy vé chiing minh mg = 1.
Gia st mg > 1, dat

2 2 2 2
mon:$1+x2+$3+x4.

Néu myg chan, thi mgn chin nén ta c6 hodc z; 1a cac sd chan hodc z; 1a cac sd
1é hoac hai s6 chin hai sb 18.
Gia st x1, T2 chdn. Khi d6 ta xét x1 # x9 VA 13 # x4 déu chin, ta viét

2 2
mo T+ X9 Xr1 — X9
()= (257
2 ( 2 ) < 2 >

2 2

T3+ Ty T3 — Ty
+< 2 )*( 2 )

Vi myg 1a nhé nhat nén diéu nay mau thuén.
Nhu vay myg 1a s6 1é. Ta chon ; sao cho

mo
y; = x; (mod n), |yi| < -
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m()—l mo—l

Do do6 — <y<

dy modulo n clia cac s6 nay tring véi hé thang dw 0,1,...,n — 1.
Ta c6 mota; vinéuyi +y5 + 93 +yi =O0suyray; =43 =45 =yj = 0
thi n | x;, Vi suy ra mq | z;, Vi va m2 | S 22 = mon. Vay mg | n. Suy ra mq

1a mot hé thing du day du (tap cac 16p thang

Ia 6 16, Vay
yi+ s+ s +yi > 0.

2

—1 —1
Khi d6 —— <2, o < o suy ra y? < 0. Do ds
2 2 4
i+ s+ Y5+ i < mg
va
Y + 5 + y3 + yi = 0(mod my).
Do do
T3 4 15 4 15+ 25 =mon (mo < n)
i + 5+ s -yl =memy (0 <my < my)
va

mimgn = (27 + x5 + 23 + 1) (Y7 + v5 + ¥5 + vi)

:Z%+z§+z§+zf.
V6i 21 = x1y1 + Toy2 + x3y3 + x4y4 thi
21 =2 + 25+ 25 4+ 27 = 0 (mod my).
Suy ra my | z1. Tuong tu ta ching minh duge
29 =TTy — Tox1 + w34 — 43 = 0 (mod my).

23 = X103 — T3X1 + Toxg — 4T3 = 0 (mod my).
24 = T1T4 — T421 + Toxz — 372 = 0 (mod my).

Ta viét z; = mow;. v6i s6 nguyén w; nao d6. Chia mymin cho m3, ta c6
min = wi + w3 +w? + wj. Diéu nay mau thudn véi gid thiét mg 14 nhé nhat.
T do6 suy ra mg = 1. ]
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Dinh 1y bén binh phuong duge Joseph-Louis Lagrange (1736 — 1813) chiing
minh vao nam 1770. Ong la mot nha toan hoc va nha thién van hoc va nha
chinh tri Phap gbc Y. Lagrange c¢6 nhiéu thoi gian lam viec tai Y, Dic va
Phép. Ong da c6 nhitng déng goép quan trong trong nhicu linh vic ciia giai
tich toan hoc, 1y thuyét s6, co hoc ¢d dién va co hoc thién theé.

Lien quan dén biéu dién bén binh phuong, mot cach tu nhién quan tam
tiép theo sé 1a sb luong biéu dién. Nghién citu theo huéng nay dude nha toan
hoc ngudi Diic Carl Gustav Jakob Jacobi tién hanh va dugc ong cong bo nam
1834, ngay nay dudc goi 1a Dinh 1y bén binh phuong ctia Jacobi. Két qua nay
dua ra mot cong thitc cho sb cach biéu dién mot sé nguyen duong n dudi dang
tong ctia bén binh phuong.

Dé phat biéu két qua clia Jacobi, v6i mdi s6 tit nhien n, ky hieu Q(n) 1
s6 céc bo cac s6 nguyen (x1, T2, 3, x4) (khong tinh sai khac thit ty) thod man

2 2 2 2
n=x]+r,+r3+ 1,

Dinh 1y 1.1.2 (Dinh ly bén binh phuong ctia Jacobi). Cho s6 tu nhién n va
viét n dudi dang n = 2"(2t + 1). Khi dé

8S(2t +1) wdir =0,
Q(n) = g
24S(2t+1) wdir #0

trong do

S(n) = Zd.

dln

C6 mot s6 cach chiing minh cho dinh 1y ctia Jacobi, vi du c6 thé xem mot
chitng minh ctia Hirschhorn [HIR85] stt dung mot dong nhat thiic tich ba thita
s0.

1.2 Dinh ly Legendre-Gauss va Bai toan Waring

C6 rat nhiéu tac gia da c6 gaing md rong dinh 1y Lagrange theo nhiéu khia
canh khac nhau, ta sé xét mot s6 md rong gan day ctia dinh 1y nay trong
cac chuong sau. Trong tiét nay ta xét mot s6 mé rong co dien la dinh 1y
Legendre-Gauss va Bai toan Waring.

Dinh 1y Lagrange khéng dinh bén binh phuong di dé biéu dién mot s6 tu
nhién bat ky. N6i cach khéc, tong ba binh phuong 1a khong da dé bieu dién
tat cd s6 tut nhien. That vay, vi 22 = 0,1 hoac 4 (mod 8) nén

r3 4 23 + 23 # 7 (mod 8),



